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Abstract
We investigate the properties of the iterated bar construction and generalize to it well-known
results of Quillen, Gerstenhaber and Schack on the bar construction. In particular, we show
that the iterated bar construction and the associated iterated Hochschild homology theories split
canonically over any 6eld, re6ning and extending previous results of Pirashvili. For that purpose,
we introduce and study algebraic structures such as algebras, coalgebras or Hopf algebras in the
Eilenberg–MacLane “category of constructions”. These results on constructions should be of
interest on their own. c© 2001 Elsevier Science B.V. All rights reserved.
MSC: Primary 13D03; 20K40; secondary 16E40; 18C99; 55P35
1. Introduction
Eilenberg and MacLane introduced, in the 1950s, the iterated bar construction and
the iterated W construction to compute the unstable and stable homology of Eilenberg–
MacLane spectra [14]. These results were generalized by Segal, in the 1970s. Segal used
an iteration process to construct connective spectra out of functors from 6nite pointed
sets to spaces (the so-called -spaces) [30]. Independently, Anderson used simplicial
models of the spheres to generalize the cobar spectral sequence of Eilenberg–Moore
and to compute the homology of mapping spaces from the pointed spheres [2,3,5].
Recently, there has been a renewal of interest for these various iterations and gen-
eralizations of the bar construction (which are closely related and in fact equivalent:
see below Section 2, Example 1 and Theorem 9).
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On one hand Pirashvili has shown how to compute the rational cohomology of the
free mapping spaces X S
n
, for X n-connected [26]. He has proven, using a certain spec-
tral sequence, that the corresponding homology theories (the higher-order Hochschild
homologies, which we prefer to call the iterated Hochschild homologies) have nice
periodicity properties and a Hodge decomposition over the rationals.
On the other hand, the iterated bar construction appears in [20] in connection with
the Kriz–May theory of partial algebras and with the construction of p-adic homotopy
types. In particular, Karoubi has shown that his theory of quantum diLerential forms can
be used together with the iterated bar construction to compute the modp cohomology
of iterated loop spaces.
These results motivate the present article, in which we study the iterated bar con-
struction for its own sake, over a 6eld of any characteristic. We show that the iterated
bar construction decomposes in the same way as co-H -spaces or certain cohomol-
ogy spectra (see, e.g. [10] and [1, Lecture 4]). As a corollary, we get that iterated
Hochschild homology splits canonically at the chain level and over any 6eld.
For that purpose, we follow the “Adams program”: “To split a (co)homology theory
into summands, one should try to do so in a canonical way, issuing in helpful and
enlightening formulae. A method is to take a suitable ring of (co)homology operations,
and construct in it canonical idempotents” [1].
To construct operations on the iterated bar construction, our leading idea is that
one can de6ne and study algebraic structures such as algebras, coalgebras or Hopf
algebras inside the Eilenberg–MacLane category CEM of constructions ([13], see also
De6nition 5 below). Constructions in the sense of Eilenberg and MacLane are abstract
algebraic models for the process usually called “constructions” in homological algebra,
such as the bar construction, the Q-construction, etc. Following ideas of Pirashvili
[25,26], we view this category CEM as a subcategory of the category of complexes
of right -modules (contravariant functors from 6nite pointed sets to abelian groups).
The natural systems of coeMcients for de6ning the homology of constructions and,
more generally, of complexes of right -modules, are left -modules (covariant func-
tors from 6nite pointed sets to abelian groups). For example, the homology of the
Q-construction with coeMcients in the functor S∗ → Z[GS ] is the cubical complex of
Eilenberg and MacLane of the abelian group G (here, S belongs to the category of
6nite sets and S∗ is the pointed set S
∐{∗}) [25]. The homology of the bar construc-
tion with coeMcients in S∗ →M ⊗A⊗S is the Hochschild homology of the pair (A;M),
where A is a commutative algebra and M a A-bimodule, and so on. The algebraic
structures we de6ne on constructions will allow us to study their intrinsic properties,
independent of the systems of coeMcients.
The article is organized as follows. In the second section, we recall the de6nition and
some elementary properties of -modules. We extract the notion of construction from
Eilenberg and MacLane’s de6nition of a generic construction in [13, Section 5]. Each
simplicial pointed set de6nes a construction, that is an object in CEM [26], as well
as many usual functors from abelian groups to chain complexes, such as those which
de6ne the (iterated) bar construction [16], the iterated W -construction [14], or the
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(6ltered) Q-construction [12,25]. We also show that the iterated bar construction is
homotopy equivalent to the various constructions which are associated to (multi)-
simplicial models of the spheres (Eilenberg–MacLane [14], Segal [30], Pirashvili [26]).
It follows that the corresponding homology theories are isomorphic for any system of
coeMcients. In particular, the iterated Hochschild homology groups of [26] or [20]
can be computed using either Pirashvili’s de6nition [26], or the iterated bar construc-
tion of [16]. These results should make easier the computation of iterated Hochschild
homology.
In the third section, we de6ne a tensor product in CEM. We also introduce new
algebraic structures, such as generic algebras, generic coalgebras or generic Hopf al-
gebras, which are respectively algebras, coalgebras and Hopf algebras in CEM. Our
main examples of such algebraic structures are the constructions associated to (pointed)
simplicial 6nite sets (which are commutative generic algebras) and the bar construction
of a commutative generic algebra (which is a commutative generic Hopf algebra).
In Section 4, we investigate the structure of commutative generic algebras and com-
mutative generic Hopf algebras. In particular, we construct a multiplicative spectral
sequence converging to their homology. At last, we de6ne operations (such as Adams
operations) on the bar construction of a commutative generic algebra, using the Hopf
algebras techniques of [22,23]. Over a 6eld of characteristic zero, the properties of
these operations imply the degeneracy of our spectral sequence. In general, over an
arbitrary 6eld, these operations induce an idempotent splitting of the bar construction
of a commutative generic algebra.
In Section 5, we apply these results to the iterated Hochschild homologies. The
Adams operations de6ned in the fourth section induce a splitting of these homologies.
This decomposition can be described using symmetric group idempotents and gener-
alizes the classical idempotent decomposition of the usual Hochschild homology of
a commutative algebra [32,18]. We also prove that, over Q, the components of this
decomposition are isomorphic to the components of Pirashvili’s Hodge decomposition
of iterated Hochschild homology [26, Corollary 2:5].
In an appendix, we show how to translate the Eilenberg–MacLane theory of generic
cycles as revisited in [24], into the language of -modules. In the main part of the
article, we rely on this appendix and on [24] to translate without further explanations
various results of Eilenberg and MacLane on constructions in general and on the iterated
bar construction in particular in the language of -modules.
2. Constructions
In this section, we recall some general facts about functors from 6nite pointed sets
to abelian groups, introduce an up-to-date version of the Eilenberg–MacLane category
of (generic) constructions [13] and prove that the iterated bar construction is homotopy
equivalent to the iterated W -construction.
Recall that classically  is the category opposite to the skeleton of the category
of 6nite pointed sets [30]. However, in this article we use Pirashvili’s convention
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and write  for the skeleton of the category of 6nite pointed sets [26]. The category
Mod−  (resp.  −Mod) of left -modules (resp. right -modules) is the category
of covariant (resp. contravariant) functors from  to abelian groups. The objects of 
are the pointed sets: n∗:={∗; 1; : : : ; n}.
Denition 1. The elementary module of order k, k , is the right -module k :=
Z[Hom(−; k∗)].
It is (by Yoneda) a projective right -module. We will use frequently a tensor
notation to represent the elements of k(n∗). We will write, for example, x1x3 ⊗ 1 ⊗
x2x7 ⊗ x5 for the pointed set morphism f from 7∗ to 4∗, belonging to 4(7∗), whose
values on 1; : : : ; 7 are, respectively, 1; 3; 1; ∗; 4; ∗; 3. We call this tensor product the
tensor expansion of f. In general, if f∈Hom(n∗; k∗), the tensor expansion of f is
the tensor product: y1⊗· · ·⊗yk , where yi:=
∏
f( j)=i xj, with the convention:
∏
∅ xj:=1.
Denition 2. Two pointed set morphisms f and g are in general position if and only
if there is no common letter xi in their tensor expansions.
A pointed set morphism from m∗ to n∗ de6nes a morphism from m to n by left
composition. We call such a morphism elementary.
Let now Pn be the poset of all the pointed subsets of n∗ ordered by inclusion. For
any S ∈Pn, we set
(S):=Z [Hom(−; S)]:
It is a sub-right -module of n, and the set of all the (S) is a poset of sub-right
-modules of n (ordered by inclusion: (S)⊆(T ) ⇔ S ⊆T ).
Notice that, if S ∈Pn and T ∈Pm, a pointed set morphism from S to T induces a
morphism from (S) to (T ). We call again such a morphism elementary.
Denition 3. Let S ∈Pn. The elementary module of type S, written S , is the right
-module de6ned by
S :=(S)
/∑
T ⊂ S
(T ):
Theorem 4. There are canonical isomorphisms:
n ∼=
⊕
S ∈Pn
S ;
(S) ∼=
⊕
T ⊆ S
T :
This theorem follows from [15, Chapter II], see also [19]. It also follows, under this
form, from the classical MRobius inversion argument [9, p. 202]. It implies that the S
are projective -modules.
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If S ∈Pn and T ∈Pm, we say that a morphism f from S to T is elementary if
it factorizes in the following way:
f :S ,→ (S) h→(T ) → T ;
where h is elementary.
Denition 5. The category CEM of constructions is the category of chain complexes
in the additive subcategory of Mod − , closed under 6nite sums, which is generated
by the elementary modules S; S ∈Pn and the elementary morphisms between them.
Up to a translation of the Eilenberg and MacLane results to the language of -
modules (see [24] and the appendix), this is the de6nition of a normalized generic
construction given in [13]. Here, additive means that the Hom-sets are abelian groups,
with the usual distributivity properties [29, 1.5].
Denition 6. If C∗ is a construction and L is a left -module, we write C∗(L) for
the tensor product C∗ ⊗ L and call the homology of C∗ with coeMcients in L the
homology groups of C∗(L).
Recall that, if N ∈Mod− and M ∈−Mod, N⊗M is the quotient of the abelian
group
⊕
n∗ ∈ N (n∗)⊗Z M (n∗) by the relations: ∀x∈N (m∗); ∀y∈M (n∗); ∀f : n∗ →
m∗;
(N (f)⊗ Idn∗)(x ⊗ y) = (idn∗ ⊗M (f))(x ⊗ y):
See [29] for further informations on categorical tensor products such as ⊗.
There is a simple way to build constructions out of functors from abelian groups
(or abelian semigroups) to chain complexes, as follows.
Let Sets∗ be the category of pointed sets and Fn be the functor from abelian groups
to abelian groups de6ned by
Fn(G):=Z[HomSets∗(n∗; G)] = Z[G
n] = Z[G]⊗n:
In the second term of the identity G is viewed as a pointed set, with the unit as
the “pointed” element. We write as a tensor product g1 ⊗ · · · ⊗ gn an element of Gn.
Let then Tk be the free abelian group over Xk :={x1; : : : ; xk}, and call an element of
HomSets∗(n∗; Tk) generic if, when it is written as a tensor product, it is equal to the
tensor expansion of a pointed sets morphism from k∗ to n∗ (the terminology is moti-
vated by [13]). The set of generic elements in HomSets∗(n∗; Tk) generates a subgroup
of Fn(Tk) canonically isomorphic to n(k∗). This process associates to the functor Fn
the right -module n.
It is a natural question to ask under what conditions a natural transformation of
functors  :Fn → Fm induces, by restriction to the subgroups generated by generic
elements, an elementary morphism from n to m. We write Gn for the functor from
augmented commutative rings to abelian groups de6ned by Gn(R):=R⊗n.
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Denition 7. We say that a natural transformation  :Fn → Fm has the natural group
homomorphism property if it is induced by the restriction to abelian groups algebras
of a natural transformation of functors from Gn to Gm.
More generally, we say that a natural transformation
" :
n⊕
i=1
Fki →
m⊕
j=1
Flj
has the natural group homomorphism property if each restriction of " to a natural
transformation from Fki to Flj has the natural group homomorphism property.
Proposition 8. If  has the natural group homomorphism property; then  induces an
elementary morphism from n to m.
According to Eilenberg and MacLane [16, Theorem 1], if  has the natural group
homomorphism property, it can be obtained by sum and composition of the following
maps:
$ :Gm → Gm+1; $(g1 ⊗ · · · ⊗ gm) = g1 ⊗ · · · ⊗ gm ⊗ 1
$ :Gm+1 → Gm; $(g1 ⊗ · · · ⊗ gm+1) = g2 ⊗ · · · ⊗ gm+1
$ :Gm+1 → Gm; $(g1 ⊗ · · · ⊗ gm+1) = (g1g2)⊗ · · · ⊗ gm+1
$ :Gm → Gm; $(g1 ⊗ · · · ⊗ gm) = g%(1) ⊗ · · · ⊗ g%(m);
the latter for any permutation %∈ Sm=AutSets{1; : : : ; m}. The proposition easily follows.
Let now C∗ be a functor from abelian groups or semigroups to chain complexes
whose components are direct sums of functors Fn. Then, if the face maps have the
natural group homomorphism property (in all the cases we will be interested in, this
condition will be satis6ed), the process of replacing the functors Fn by the elementary
modules n de6nes a construction that we call the generic subcomplex of C∗.
Going the other way (from constructions to functors) is easier. Let K∗ be a chain
complex in Mod−. Notice that a pointed sets map f from n∗ to m∗ induces a map
f∗ from Gn to Gm:
f∗(g1; : : : ; gn):=(g′1; : : : ; g
′
m);
where g′i :=
∏
f( j)=i gj. This de6nes a functor G → Z[G?] (where Z[G?](n∗):=Z[Gn])
from abelian groups to left -modules. The tensor product under  of K∗ and G →
Z[G?] is a functor from abelian groups to chain complexes. In particular, if K∗ is the
generic subcomplex of a functor C∗ from abelian groups to chain complexes, we have
C∗(−) ∼= K∗ ⊗ Z[(−)?]:
Example 1. Let S∗ be a pointed simplicial 6nite set and write ) for the functor n∗ →
n from 6nite pointed sets to right -modules. We call the construction )(S∗), with
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the diLerential induced by the simplicial structure of S∗, the S∗-construction. These
constructions are studied intensively in [26]. The homology of )(S∗) with coeMcients
in the left -module n∗ → Gn, where G is an abelian group, is the reduced homology
of S∗ with coeMcients in G.
Notice that two homotopy equivalent pointed simplicial 6nite sets de6ne two homo-
topy equivalent constructions. This process is compatible with direct limits and still
holds with pointed simplicial sets. The same process also holds with pointed multi-
simplicial sets.
When S∗ is the multisimplicial model of the n-sphere given by the n-fold smash
power of the usual pointed simplicial model of S1, the corresponding construction is
called the Segal n-fold delooping construction [30,17]. The homology groups of the
Segal delooping constructions with coeMcients in a left -module L are, by de6nition,
the unstable homotopy groups of the Segal spectrum of L or, for short, the unstable
homotopy groups of L [30,6].
If S∗ is a minimal simplicial model of the n-sphere, the corresponding construction
is called the iterated W construction of order n, see [14,21,11].
The case when S∗ is an arbitrary pointed (multi)simplicial model of the n-sphere
generalizes the Segal n-fold construction and the iterated W construction of order
n. It was introduced and studied by Pirashvili in [26]. We call the corresponding
construction the Pirashvili k-fold delooping construction. It follows from standard facts
about multisimplicial sets that the iterated W , the Segal and Pirashvili constructions
are homotopy equivalent.
Example 2. The usual (iterated) bar construction (of a given order k) for abelian
groups (see, e.g. [16]) is a functor from abelian groups to chain complexes. We call its
generic subcomplex the iterated bar construction (of order k). The 6rst bar construction
is associated to the usual pointed simplicial model of S1 by the process described in
Example 2.
Example 3. Sometimes, functors from abelian groups to chain complexes are de6ned
using a suitable normalization. Applying the same process as above, but taking the
normalization into account, gives a construction. An important example of such a con-
struction is the (6ltered) Q-construction [12,13].
We now come to the comparison of the iterated bar construction with the Segal and
Pirashvili delooping construction.
Theorem 9. The iterated bar construction of order k is homotopy equivalent to the
iterated W -construction of order k and; therefore; to the Segal and Pirashvili k-fold
delooping constructions.
Eilenberg and MacLane proved in [14] that the iterated bar construction is, as a
functor from abelian groups to chain complexes, naturally homotopy equivalent to the
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iterated W construction. Their proof shows that the morphisms which de6ne this nat-
ural equivalence have the natural group homomorphism property, since the natural
equivalence of the bar and the W constructions holds not only for abelian groups,
but also for commutative and augmented simplicial rings, see [14, Section 18 et seq.].
In fact, the natural equivalence of the normalized bar construction and the normal-
ized W -construction of a commutative augmented simplicial ring is the injection of a
contraction as was conjectured in [14] (see [4]).
By our Proposition 8, these morphisms induce a homotopy equivalence between the
iterated bar construction and the iterated W -construction, viewed as objects in CEM,
and the theorem follows.
As we pointed out in the introduction, this theorem implies that the unstable homo-
topy groups of -modules and, in particular, the iterated Hochschild homology groups
of a commutative algebra of [26], can be computed using the iterated bar construction.
3. Generic algebraic structures
Denition 10. The generic tensor product k♦l of two elementary modules k and
l is a sub -module of k ⊗ l. The abelian group k♦l(n∗) is, by de6nition, the
subgroup of k(n∗)⊗ l(n∗) generated by the tensor products f ⊗ g, where f and g
are pointed sets morphisms from n∗ to k∗ and l∗ in general position.
Proposition 11. There are canonical isomorphisms k♦l ∼= k+l.
The proposition follows from the observation that, if p + q = n, Hom(−; n∗) ∼=
Hom(−; p∗ ∨ q∗), where p∗ ∨ q∗:=p∗
∐
q∗={∗}
∐{∗}.
The generic tensor product is natural: elementary morphisms f and g from k and
l to n and m induce an elementary morphism f♦g from k♦l to n♦m.
The generic tensor product S♦T of two generic modules S; S ⊆Pn and T ;
T ⊆Pm is de6ned in the same way, using the canonical embeddings S ,→ n and
T ,→ m. There are canonical isomorphisms: S♦T ∼= S∨T .
The tensor product of two constructions C∗♦D∗ is de6ned as the tensor product
induced by the generic tensor product of elementary modules, with the usual sign rules
in the de6nition of the boundary maps.
Notice that CEM is a symmetric monoidal category for this tensor product. The
symmetry is de6ned using the usual sign conventions for chain complexes. The unit
of ♦ is the construction U whose only nontrivial component is 0 ∼= Z, in degree 0.
Denition 12. A generic algebra is a monoid in CEM.
In concrete terms, a generic algebra is a construction C∗ provided with a construction
map m called the product from C∗♦C∗ to C∗ and with a construction map from
U to C∗ satisfying the usual relations (associativity, unit). Generic algebras without
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unit are de6ned in the same way (removing the unit condition). A generic algebra is
commutative if m is graded commutative, that is if m commutes with the symmetry
isomorphism. A generic algebra C∗ is augmented if there is a generic algebra morphism
 from C∗ to U. The tensor product of two generic algebras is a generic algebra.
Denition 13. A generic coalgebra is a comonoid in CEM.
In concrete terms, a generic coalgebra is a construction C∗ provided with a con-
struction map - called the coproduct from C∗ to C∗♦C∗ and with a map from C∗ to
U satisfying the usual relations (coassociativity, counit).
Denition 14. A generic Hopf algebra is a construction C∗ with a structure of a generic
algebra and of a generic coalgebra, such that the coproduct is a generic algebra mor-
phism from C∗ to C∗♦C∗.
Example. Let S∗ be a pointed simplicial set. We write S∗(G) for the reduced singular
chains on S∗ with coeMcients in G (see, e.g. [21], or any other monograph on the
foundations of algebraic topology for the de6nition of this functor and of the other
functors which are used below). We view S(−) :G → S∗(G) as a functor from abelian
groups to simplicial abelian groups. The chain complex C∗(S∗(G);Z) which computes
the homology with integral coeMcients of the simplicial abelian group S∗(G) can be
viewed as a functor C∗(S∗(−);Z) : G → C∗(S∗(G);Z) from abelian groups to com-
mutative diLerential graded algebras over Z [14]. As a functor from abelian groups
to chain complexes, it has the natural group homomorphism property and its generic
subcomplex is precisely the S∗-construction de6ned in Example 1, Section 2.
Since the commutative diLerential graded algebra structure on C∗(S∗(G);Z) is de-
6ned using the degeneracies and the combinatorics of shuVes, the inspection of the
formulas ([21, Section 30] or [14, Section 6]) shows that the product map has the nat-
ural group homomorphism property. It follows that the S∗-construction is canonically
provided with the structure of a commutative generic algebra.
If S∗ is the usual simplicial model of S1 [21], the associated construction is the
bar construction. It follows that the bar construction is, as expected, a commutative
generic algebra for the shuVe product. The multiplicative properties of the usual bar
construction follow: for example, the Hochschild homology of a commutative algebra
is a commutative algebra [32].
More generally, let S∗ be a minimal (resp. any reduced) pointed simplicial model of
the n-sphere. Since the S∗-construction is a commutative generic algebra, this process
shows that the n-fold iterated W construction (resp. the Pirashvili n-fold delooping
construction) has the structure of a commutative generic algebra.
Denition 15. Let C∗ be a construction. The generic cotensor algebra over C∗ is the
commutative generic Hopf algebra T (C∗) de6ned as follows:
T (C∗):=
⊕
n∈N
C♦n∗ ;
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where C♦0∗ :=U, the unit of ♦. The boundary of T (C∗) is, by de6nition, the zero
boundary. The product !, which de6nes the commutative generic algebra structure, is,
by de6nition, the shuVe product, that is, the restriction of the usual shuVe product
(see, e.g. [14]) from C⊗n∗ ⊗ C⊗m∗ to C⊗n+m∗ to a map from C♦n∗ ♦C♦m∗ to C♦m+n∗ .
The coproduct -, which de6nes the generic coalgebra structure is, by de6nition, the
deconcatenation coproduct. For a given n, its restriction to C♦n∗ is the sum over all
(p; q)∈N2; p+ q= n, of the canonical isomorphisms from C♦n∗ to C♦p∗ ♦C♦q∗ .
The proof that T (C∗) is indeed a commutative generic Hopf algebra follows from
the combinatorial properties of shuVes, see, e.g. [28].
If C∗ is a construction, we write C∗[n] for the construction C∗ “shifted by n”. That
is, the degree k + n component of C∗[n] is Ck .
Denition 16. Let C∗ be an augmented commutative generic algebra with product /,
augmentation  and boundary map d. The bar construction B(C∗) of C∗ is the commu-
tative generic Hopf algebra T (C∗[1]), with a new boundary 0 de6ned on Cn1 [1]♦ · · ·♦
Cnk [1] as follows:
0 :=
k∑
i=1
(−1)i+n1+···+ni−1 Id♦i−1♦d♦Id♦k−i +  · Id♦k−1
+
k−1∑
i=1
(−1)i+1+n1+···+ni Id♦i−1♦/♦Id♦k−i−2 + (−1)k+1+n1+···+nk Id♦k−1 ·  :
Here,  ·Id♦k−1 (resp. Id♦k−1 · ) is the composition of  ♦Id♦k−1 (resp. Id♦k−1♦ ),
which is a map from C∗[1]♦k to U♦C∗[1]♦k−1 (resp. to C∗[1]♦k−1♦U), with the
canonical isomorphism U♦C∗[1]♦k−1 ∼= C∗[1]♦k−1 (resp. C∗[1]♦k−1♦U ∼= C∗[1]♦k−1).
The normalized bar construction is de6ned in the same way: if C∗ is a commutative
generic algebra, replace C∗ by C∗=U in the de6nitions. See, e.g. [14, Section 11]. It
follows from the formulas of [14, Theorem 11:2] that the bar construction and the nor-
malized bar construction of a commutative generic algebra are homotopy equivalent.
We write B˜(C∗) for the normalized bar construction of C∗.
The compatibility of the boundary 0 with the product and the coproduct on T (C∗[1])
follows from standard computations involving shuVes which are done in [14] (for the
algebra structure) and go back at least to K.T. Chen for what concerns the coalgebra
structure [8]. Of course, in these articles, these computations are done for diLerential
(co)algebras and not for generic (co)algebras. However, they hold in the generic setting
as well and we do not repeat them.
Notice that the construction G1 with only one nontrivial component, 1, in degree 0,
is an augmented commutative generic algebra. Indeed, there is a commutative product
/ from 1♦1 to 1. It is given on the generators of 1♦1(n∗) by the following
rule. If f and g are two pointed sets morphisms from n∗ to 1∗ in general position,
then the tensor expansion of /(f ⊗ g) is given by the product of the two monomials
which appear in the tensor expansion of f and g. For example, if the tensor expansion
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of f∈Hom(5∗; 1∗) (resp. g∈Hom(5∗; 1∗)) is x1x5 (resp. x2x3), then x1x2x3x5 is the
tensor expansion of /(f ⊗ g). The unit U → G1 and the augmentation are induced
by the canonical isomorphism: 1 ∼= 0 ⊕{∗;1} (see Theorem 4, Section 2). The bar
construction of the generic commutative algebra G1 is the (6rst) bar construction.
The bar construction and the normalized bar construction can be iterated, since the
bar construction (resp. the normalized bar construction) of an augmented commutative
generic algebra is still an augmented commutative generic algebra. The iterated bar
construction of G1, Bk(G1), is the iterated bar construction, which was introduced in
the previous section.
4. The homology of generic (Hopf) algebras
The results in this section are motivated by the Hopf algebra techniques of [22,23].
We do not develop fully the theory of generic Hopf algebras. In fact, most of the results
of [22,23] could be adapted to the generic Hopf algebras setting. We leave this task
to the interested reader and concentrate on the results which have direct homological
applications.
Denition 17. Let C∗ be a construction. We say that C∗ is connected if C0 = 0 and
if the boundary from C1 to C0 is the zero map; we say that C∗ is reduced if C0 ={0}.
For example, the bar construction of a commutative generic algebra is connected,
as well as the commutative generic algebra )(S∗) (see Example 1, Section 2 and the
Example in Section 3) where S∗ is a reduced pointed simplicial set (i.e. with the
base point as unique 0-simplex). To each connected construction C∗ is canonically
associated a unique reduced construction written C˜∗.
Denition 18. The multiplicative 6ltration of a connected commutative generic algebra
C∗ with product m is the decreasing sequence of complexes of -modules de6ned by
Fn(C∗):=Im(m(n) : C˜
♦n
∗ → C˜∗);
where m(n) is the product map from C˜
♦n
∗ to C˜∗.
We write Gn(C∗) for Fn(C∗)=Fn+1(C∗). If n= 1, we also write Q(C∗) for G1(C∗)
and call Q(C∗) the indecomposable part of C∗.
Example. The bar construction of G1 is a connected commutative generic algebra. Call
its tensor product with Q the rational bar construction. The associated multiplicative
6ltration is the analogue for constructions of the multiplicative or )-6ltration of the
Hochschild complex [32]. The pieces of the associated graded construction correspond
to the pieces of Quillen’s decomposition of the bar construction by means of the
Poincar)e–BirkhoL–Witt isomorphism [27, Isom.(8:4)]. In particular, the indecomposable
348 F. Patras / Journal of Pure and Applied Algebra 162 (2001) 337–357
part of the rational bar construction is the construction associated to the Harrison
complex, which computes the Harrison–Quillen homology of commutative algebras.
Denition 19. The multiplicative spectral sequence of a connected commutative generic
algebra C∗ is the spectral sequence de6ned by the multiplicative 6ltration. This spec-
tral sequence, whose general term is written E∗∗;∗(C∗), converges to the homology of
C˜∗.
The tensor product with Q of the multiplicative spectral sequence is called the
rational multiplicative spectral sequence. It converges to the homology of C˜∗ ⊗Q.
Denition 20. A power map of level k =1 on a connected commutative generic algebra
C∗ is a generic algebra endomorphism P of C∗ which acts as the multiplication by k
on the indecomposable part of C∗.
Proposition 21. If there is a power map of level k on C∗; the rational multiplicative
spectral sequence degenerates at the E2 level.
Indeed, let P be a power map of level k. Since P is a generic algebra endomorphism,
it induces an endomorphism of the multiplicative spectral sequence. Besides, since P
acts as k on Q(C∗) = G1(C∗), it acts as kn on Gn(C∗). Since P commutes with the
diLerentials in the spectral sequence, it follows that the diLerentials of level ≥ 2 in the
rational multiplicative spectral sequence are zero. In particular this spectral sequence
degenerates at the E2 level.
This argument shows even more: the E2p;q; p + q = n, terms of the rational mul-
tiplicative spectral sequence can be computed as the eigenspaces for the eigenvalues
ki; i = 1; : : : ; n, of the action of the given power map of level k on Cn. It follows
that C˜∗ splits canonically into eigenspaces under the action of the power map. This
computation can be made explicit: using the Lagrange interpolation formulas, one can
construct explicit projections on these eigenspaces, which are given by certain universal
polynomials in P.
A nice example of power maps of level k are the maps induced on the corresponding
constructions by the degree k maps on the circle and, more generally, the spheres. In
the particular case of the circle S1, these power maps are (up to homotopy) the maps
induced by the algebraic power maps x → xn. The existence of a rational decomposi-
tion of the bar construction in that case is well-known [32], as well as the fact that
this decomposition can be obtained from the algebraic power maps [31,7]. See [26,
Corollary 2:5] for the general case.
We will use our Theorem 8 to construct explicit models of such maps on the iter-
ated bar construction of a generic commutative algebra. We recall from the previous
section that the bar construction of an augmented commutative generic algebra is a
connected commutative generic Hopf algebra. The following results also hold when
the bar construction is replaced by the normalized bar construction.
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Denition 22. Let C∗ be an augmented commutative generic algebra. The composition
of the iterated product map from B(C∗)♦k to B(C∗) with the iterated coproduct map
from B(C∗) to B(C∗)♦k is a commutative generic algebra endomorphism of the bar
construction on C∗. It is written 3k and called the Adams operation of order k on
B(C∗).
See [18,22,23] for the structural properties of (usual) Hopf algebras motivating the
introduction of such operations.
Proposition 23. The Adams operation 3k is a power map of order k on B(C∗).
Let us compute the value of the restriction of 3k on Q(B(C∗)) in the case k = 2
(this computation generalizes immediately to an arbitrary value of k). We write B for
B(C∗)
Let x∈ B˜(n∗). Then, -(x)= x♦1+1♦x+ terms belonging to B˜♦B˜(n∗). Therefore,
the class of ! ◦ -(x) in Q(B)(n∗) is equal to the class of 2x+ terms belonging to
F2(B)(n∗). Since the classes in Q(B)(n∗) of elements of F2(B)(n∗) is zero, the
proof follows.
Theorem 24. The multiplicative spectral sequence of the rational bar construction of
an augmented commutative generic algebra degenerates at the E2-level. Moreover;
this construction splits over the rationals under the action of the Adams operations
3k .
The theorem follows from Proposition 21.
Since the de6nition of the product and the coproduct on the bar construction of a
commutative generic algebra relies only on the combinatorial properties of the decon-
catenation product and of the shuVe product (De6nition 15), the Adams operations 3k
have the same combinatorial description by means of symmetric group idempotents than
the powers of the identity map in the convolution algebra of the free (co)tensor bial-
gebra [28,18,22]. The explicit formulas for the Adams operations on the iterated bar
construction and the associated projections onto the eigenspaces are therefore given
by the same formulas than in the Hochschild homology case [32]. In particular, the
splitting idempotents corresponding to the projections onto the eigenspaces are nothing
but the eulerian idempotents, which belong to the rational symmetric group algebras.
Corollary 25. The rational multiplicative spectral sequence of the iterated bar con-
struction degenerates at the E2-level. The iterated bar construction and the iterated
normalized bar construction split over the rationals under the action of the Adams
operations 3k .
The eigenvalues of 3k on the component of degree m¿ 1 of B˜
n
(G1)
⊗
Q are the
integers ki; 1 ≤ i ≤ m=n. The projections onto the eigenspaces can be described; as
above; by symmetric groups algebras idempotents; but they are also given by two
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types of universal formulas: the Lagrange interpolation formulas which appear in the
proof of Proposition 21 or the convolution power formulas of [22; p. 1075] or [23;
p. 553].
The only fact that we have to establish to prove the corollary is that the eigenvalues
of 3k on the component of degree m¿ 1 of B˜
n
(G1) are the integers ki, 1 ≤ i ≤ m=n.
The iterated normalized bar construction of order k is (k − 1)-connected, in the
sense that it has no nontrivial component in degree strictly less than k (excepted 0 in
degree 0, see, e.g. [14]). Therefore, to prove the corollary, it is enough to prove that
the 6ltration which de6nes the multiplicative spectral sequence of a (n− 1)-connected
commutative generic algebra C∗ satis6es
Fi(C∗)m = {0} if i¿m=n:
This follows from the de6nition of the 6ltrationFn(C∗) as powers of the “augmentation
ideal” C˜∗ of the (n− 1)-connected generic algebra C∗.
These results on the iterated bar construction splittings can be made more precise as
follows. Recall that, by de6nition, the degree zero component of the iterated normalized
bar construction is U, the unit of ♦. An induction argument shows that the next
nontrivial component is {∗;1}, which lies in degree k. Recall also that the iterated bar
construction and the iterated normalized bar construction have the same homology.
Theorem 26. The homology of the iterated bar construction of order k;
Hnk(Bk(G1))(l∗) is freely generated as a graded abelian group by the classes of
the products:
[xi1 ]! · · ·![xin ]; i1¡ · · ·¡in ≤ l;
where ! is the product on the iterated bar construction of order k and [xij ] represents
the homology class of the morphism in Hom(l∗; 1∗) whose tensor expansion is xij
(it is the morphism which maps ij to 1 and the other elements of l∗ to ∗). The other
components Hp(Bk(G1)), p = 0mod k are zero.
The theorem follows from Eilenberg and MacLane [16, p. 50] (see the appendix,
which explains how to translate the results of Eilenberg and MacLane into the language
of -modules). The -module structure is given as follows: if f∈Hom(m∗; l∗);
f([xi1 ]! · · ·![xin ]) = y1! · · ·!yn;
with yj:=
∑
f(p)=ij [xp]: Notice that, since the shuVe product is graded commutative,
the homology groups Hrk(Bk(G1)) and Hrk′(Bk
′
(G1)) are isomorphic -modules if
k − k ′ is even.
Corollary 27. The only nontrivial components of the homology of Bk(G1) are the
-modules Hrk(Bk(G1)); r ≥ 0. The Adams operation 3n acts as nr on Hrk(Bk(G1)).
Indeed, for any l∈N∗, the elements of degree k in B˜k(G1)(l∗) are primitive ele-
ments, that is -(x)=x⊗1+1⊗x for any x∈ B˜k(G1)(l∗). This follows from the general
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properties of the coproduct and from the (k − 1)-connectedness of B˜k(G1). It follows
that 3n acts as the multiplication by n on Hk(B˜
k
(G1)). Since the Adams operations are
generic algebra endomorphisms of the iterated bar construction, the corollary follows
from Theorem 26 and from the identity:
3n([xi1 ]! : : : ![xir ]) =3
n[xi1 ]! : : : !3
n[xir ] = n
r[xi1 ]! : : : ![xir ]:
Notice that, in general, the action of a degree k map f on the n-sphere is character-
ized by its action (the multiplication by k) on the homology class of the fundamental
cell. It follows that f induces the multiplication by k on Hn()(S∗)), where S∗ is any
pointed simplicial model of the n-sphere. Moreover, f is characterized, as a degree k
map, by this property. Theorem 9 and Corollary 27 show that, under the homotopy
equivalence relating the iterated bar construction of order n and the Pirashvili n-fold
delooping construction, the Adams operation 3k we de6ned is a combinatorial model
at the level of constructions for (the homotopy class of) f.
Corollary 28. The eigenspace for the eigenvalue nr of the Adams operation 3n is a
sub-chain complex of -modules of the rational iterated bar construction Bk(G1)⊗Q.
It is also the kr-fold suspension of a projective resolution of the -module Hrk(Bk(G1))
⊗Q.
According to our previous results, the only point to prove is that these chain com-
plexes are projective. This follows from the general fact that eigenspaces can be com-
puted using an idempotent decomposition of the identity map, so that the pieces of the
decomposition into eigenspaces of a chain complex of projective -modules are chain
complexes of projective -modules. Since constructions are always chain complex of
projective -modules, the proof is complete.
Let us turn now to the case when the ground 6eld is Fp. The Adams operations
are still de6ned and, since for a given l the complexes Bk(G1)(l∗) are degree-wise
6nite dimensional, the primary decomposition with respect to 3n gives a direct sum
decomposition:
Bk(G1) =
⊕
P(x)
Bk(G1)P(x);
where the sum ranges over the monic irreducible polynomials in Fp[x]. Some informa-
tions on this decomposition are available at the spectral sequence level, since it is still
true over Fp that 3n acts as nl on Gl(Bk(G1)). Therefore, the spectral sequence still
splits into components, but it is not true anymore that it degenerates at the E2 level.
In fact, the decomposition can be made more precise using the modp Hopf algebra
techniques of [22].
Lemma 29. For any n; n ≡ 0 [p]; the restriction Pm of (3n)p|m=k|−1 (resp. of
3n
pm−1
) to the degree m component of B˜
k
(G1) (resp. of Bk(G1)) satis:es (Pm)p−1=Id.
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In the lemma, |m=k| stands for the integer part of m=k. The proof is by induction on
m. We prove the lemma for the iterated normalized bar construction. The same proof
applies, up to obvious changes, for Bk(G1).
Since B˜
k
(G1) is (k − 1)-connected, the elements in B˜k(G1)l(q∗) are primitives for
l∈ [k; 2k − 1], that is -(x)= x♦1+1♦x for any x∈ B˜k(G1)l(q∗) and therefore Pl= n.
Assume that the lemma is true for any m¡ki. Then, since Adams operations are
generic algebras endomorphisms, ((3n)p
i−2
)p−1 acts as the identity on the degree ki+
l; l¡k component of F2(Bk(G1)), and on Q(Bk(G1)).
Therefore, we have, for any x∈Bk(G1)ki+l(q∗); l¡ k:
∃y∈F2(Bk(G1))ki+l(q∗); ((3n)pi−2 )p−1(x) = x + y;
and
(Pki+l)p−1(x) = (((3n)p
i−2
)p−1)p(x) = x + py = x:
The lemma follows.
Theorem 30. The iterated bar construction (resp. normalized) splits modp under
the action of Adams operations. In particular; there exists; for each m¿ 0; splitting
idempotents Xeim; i∈ [1; p− 1] such that
Pm =
p−1∑
i=1
ni · Xeim:
The theorem follows from the previous lemma, which implies that Pm is diago-
nalizable with eigenvalues n; : : : ; np−1. These idempotents can be computed in the
Fp-symmetric group algebras of the symmetric groups Sm. For example, they can be
computed as linear combinations of the (Pm)k ; k ∈ [1; p − 1], by inverting a Van der
Monde matrix. They generalize the modp idempotents of Gerstenhaber and Schack
[18], which split the usual Hochschild homology groups of a commutative algebra
over Fp.
Notice that the process we used to split the iterated bar construction is very close to
those which are used for splitting co-H -spaces or cohomology spectra [10,1]. Besides,
it provides the theory with explicit formulas and idempotents.
5. Applications to iterated Hochschild homology and unstable homotopy
All the results we have got are results on constructions, that is on chain complexes
in a certain subcategory of the category of right -modules. It is a natural question
to ask how these results are (functorially) related to properties of the corresponding
“constructions” in the category of abelian groups, commutative algebras, and more gen-
erally -modules. We concentrate on iterated Hochschild homology, but the same ar-
guments apply to the unstable homotopy of any -module (see Example 1 in Section 2
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for the de6nition of these unstable homotopy groups and [26] for further details on
these groups).
Let A be a commutative algebra and M a A-module. Since A is commutative, the
“Hochschild” functor which de6nes the simplicial structure of the Hochschild complex
extends to a functor L(A;M) : n∗ → M⊗A⊗n from 6nite pointed sets to abelian groups
such that, for a pointed sets morphism f : k∗ → l∗;
L(A;M)(f)(m⊗ x1 ⊗ · · · ⊗ xk):=m′ ⊗ y1 ⊗ · · · ⊗ yl;
with m′:=m ·∏f(i)=∗ ai and yj:=∏f(i)=j xi. If C∗ is a construction, we write C∗(A;M)
for the tensor product: C∗ ⊗ L(A;M). For example, if C∗ is the bar construction,
C∗(A;M) is the Hochschild complex of the pair (A;M). More generally, let S∗ be
a pointed simplicial model of the sphere Sk and )(S∗) the corresponding Pirashvili
construction. The iterated Hochschild homology of order k, HH [k](A;M) of A with
coeMcients in M is, by de6nition, the homology of the chain complex )(S∗)(A;M)
[26]. Notice that, if two constructions C∗ and D∗ are homotopy equivalent, they de6ne
homotopy equivalent complexes C∗(A;M) and D∗(A;M).
It has been proven in [26, Proposition 5:3] that the iterated Hochschild homology
has a canonical “Hodge” decomposition, which generalizes the usual Hodge decompo-
sition of Hochschild homology and whose components are the components of a certain
spectral sequence. We are going to show that this decomposition can be computed
explicitly using the properties of the iterated bar construction. We write Bk(A;M)∗
for B˜
k
(G1)(A;M) and call this chain complex the iterated bar construction of A with
coeMcients in M .
Theorem 31. The iterated bar construction of a commutative algebra A over Q (resp.
Fp) with coe;cients in M has a canonical decomposition into eigenspaces:
Bk(A;M)∗ =
⊕
0≤i≤∗k
Bk; [i](A;M)∗;

resp: Bk(A;M)∗ = ⊕
0≤i≤p−1
Bk; [i](A;M)∗


where Bk; [i](A;M)∗ is the eigenspace associated to the eigenvalue ni of 3n (resp.
where Bk; [i](A;M)m is the eigenspace associated to the eigenvalue ni of 3n
p|m=k|−1
).
The theorem follows from the existence of such a direct sum decomposition of the
normalized iterated bar construction, since the tensor product of -modules is a right
exact functor. Of course, if k=1, this decomposition is the usual Hodge decomposition
of the Hochschild complex [32].
Proposition 32. Let A be a commutative algebra over Q. The degree n component
of the homology of Bk; [i](A;M)∗ coincides with the E2n−ik; ik -component of Pirashvili’s
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spectral sequence converging to iterated Hochschild homology. In particular; the de-
composition into eigenspaces of the iterated Hochschild homology of the pair (A;M)
de:ned by the action of Adams operations coincides with Pirashvili’s Hodge decom-
position of iterated Hochschild homology.
Recall how Pirashvili’s spectral sequence is de6ned. Since the construction )(S∗)
is a complex of projective -modules, there is a spectral sequence converging to
HH [k](A;M). This spectral sequence degenerates at E2 and its E2p;q-components are
the groups Torp(Hq()(S∗));L(A;M)) [26, Corollary 2:5]. The Hodge decomposition
of iterated Hochschild homology is, by de6nition, the decomposition of HH [k](A;M)
which is induced by this spectral sequence.
According to Theorem 9, we can replace )(S∗) in this de6nition by the iterated bar
construction of order k. We get that the E2∗; q term of the spectral sequence is given
by Tor∗ (Hq(B
k(G1));L(A;M)). Corollary 28 shows that this Tor group is zero if
q ≡ 0 [k] and is the homology of Bk; [i](A;M)∗ if q= ki. The proposition follows.
Notice that, according to Theorem 26, for any (k; k ′)∈N∗ ×N∗,
Tor∗ (Hrk(B
k(G1));L(A;M)) ∼= Tor∗ (Hrk′(Bk
′
(G1));L(A;M)):
This implies Proposition 5:2 of [26], which shows that iterated Hochschild homology
has, over the rationals, the same periodicity properties as the unstable homology groups
of an 9-spectrum.
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Appendix A. From generic modules to -modules
Our goal is to make clear in this appendix the relationships between the theory of
generic cycles, as developed in [13,16,24], and the theory of -modules [30,25,26],
which has grown independently. This should make clear for example why Theorem 26
follows from Theorem II of [13].
Let X = {x1; : : : ; xn; : : :} be a countable set. Let TX be the free abelian multiplicative
semigroup over X . Each element of TX can be written uniquely: x=Yi∈N∗x
ni(x)
i , where
ni(x) = 0 only for a 6nite number of i∈N∗. An element x of TX is called generic if
ni(x) ≤ 1 for all i∈N∗.
We write Sg for the category of semigroups. Let f be a semigroup endomorphism
of TX . By adjunction,
End(TX ) ∼= HomEns(X; TX );
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so that f is characterized by the sequence (f(x1); f(x2); : : : ; f(xn); : : :) of its values
on the elements of X .
Denition A.1. A semigroup endomorphism f of TX is called generic if it is the
identity IdTX or if the following two conditions hold:
∃N=∀n ≥ N; f(xn) = 1;
∀(i; j)∈N∗ ×N∗; i = j; ∀k ∈N∗: nk(f(xi)f(xj)) ≤ 1:
In particular, if f = IdTX is a generic endomorphism, the product :(f):=
∏
i∈N∗ f(xi)
has only 6nitely many terms f(xi) = 1. Besides, :(f), which is therefore well-de6ned,
is a generic element of TX .
The composite of two generic endomorphisms is still generic, and the set Mg of
generic endomorphisms is a subsemigroup of End(TX ). Let A:=Z[Mg] be its semi-
group algebra. The category A −Mod of left A-modules is called the category of
generic modules.
Let pk be the generic endomorphism of TX de6ned by
pk(xi):=xi; i ≤ k;
pk(xi):=1; i ¿ k:
Denition A.2. The elementary module of order k, Mk , is the left ideal of A generated
by pk .
The elementary module Mk is generated by an idempotent of Mg. It is a projective
left A-module.
Let Tn be the free abelian semigroup over the set Xn:={x1; : : : ; xn} and let p′n be the
semigroup morphism from TX to Tn sending xi to xi if i ≤ n and xi to 1 otherwise. As
an abelian group, Mk is the free abelian group over the set of endomorphisms f∈Mg
which factorize by Tk . That is, let f∈Mg. Then
f∈Mk ⇔ f = f ◦ pk ⇔ ∃f′ ∈HomSg(Tk ; TX ); f = f′ ◦ p′k :
We will use a tensor notation to represent the elements of Mk . We will write, for
example, x1x3 ⊗ 1 ⊗ x2x7 ⊗ x5 for the morphism f∈Mg which factorizes by T4 and
whose values on x1; x2; x3; x4 are respectively x1x3; 1; x2x7 and x5. We call this tensor
product the tensor expansion of f∈M4 (compare with the de6nition of the tensor
expansion of a 6nite pointed set morphism in Section 2).
We set Homg(Tk ; TX ):=Mg ∩Mk . We also de6ne Homg(Tn; Tm)⊂Mg⊂End(TX ) as
the set of elements in Mg such that
f = pm ◦ f ◦ pn;
and Homg(TX ; Tn) as the set of elements in Mg such that
f = pn ◦ f:
The elements of Homg(T?; T??) are called the generic morphisms from T? to T??.
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Notice that Homg(Tn; Tm) is canonically in bijection with Hom(m∗; n∗). This fol-
lows, for example, from the existence of the tensor expansion: If x1x3 ⊗ 1⊗ x4 is the
tensor expansion of f∈Homg(T3; T4), the corresponding pointed set morphism f˜ from
4∗ to 3∗ is given by
f˜(1) = 1; f˜(2) = ∗; f˜(3) = 1; f˜(4) = 3:
The skeleton of the category of free abelian semigroups over 6nite sets and generic
morphisms between them and the category of 6nite pointed sets are therefore opposite
categories.
We show now that the homology theory of left A-modules, which underlies our
approach to “generic cycles” in [24], is equivalent to the homology theory of right
-modules, as developed by Pirashvili in [25,26].
Notice 6rst that, for each n, there is an embedding in : Tn ,→ Tn+1 and a projection
/n from Tn+1 to Tn (which sends xn+1 to 1). The free abelian semigroup over X is the
direct limit of the free abelian semigroups Tn, and the set of generic endomorphisms
of TX (minus the identity) is, almost by de6nition, the direct limit of the semigroups
Endg(Tn). Therefore, if M is a given right -module, the direct limit lim→M (n∗) is
provided with the structure of a left A-module. Moreover, this functor lim→ is exact
and sends n to the elementary A-module Mn.
Going the other way is also easy: to any left A-module N is associated the -module
Z[Homg(TX ; T?)]⊗A N . This functor is right exact and sends the elementary modules
Mn to n.
Since the n are (by Yoneda) projective generators of the category of -modules
[26], it follows that any homological computation in the category of -modules can be
handled in the category of generic modules. In return, one can translate functorially via
[24] the “generic” computations of [13,16] into the language of -modules, as we do
several times in the main part of this article. In particular, the de6nition in [16] of the
“generic part” of a (suitable) functor from abelian (semi)groups to chain complexes is
equivalent to our de6nition of its generic subcomplex in Section 2.
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